
1

THE DEPARTMENT OF MINING & MINERALS ENGINEERING 
AT VIRGINIA TECH

1

PROBABILISTIC APPROACH TO LIMESTONE PILLAR 
STRENGTH DETERMINATION

Juan J Monsalve
PhD. Student
Department of Mining and Minerals Enigineering
Virginia Tech

Nino Ripepi
Advisor
Assistant Professor, department of Mining and Minerals Engineering, 
Virginia Tech

08/27/202134th Annual Kentucky Professional Engineers in Mining Seminar



2

CONTENT

1. INTRODUCTION

2. ANALYSIS METHODS FOR PILLAR DESIGN

3. RISK ANALYSIS APPROACHES IN PILLAR DESIGN

4. OBJECTIVE AND METHODOLOGY

5. PRELIMINARY RESULTS

6. REFERENCES



3

INTRODUCTION

 Pillar design one of the greatest challenges in UG 
mining

 Pillar failure probability of occurrence vs. 
consequences 

 Pillar design current trends

 Empirical approaches

 Site specific conditions (Canada, South Africa, U.S.A.)

 Neglects failure mechanisms

 Underestimates uncertainty

 Pillar failure continue to occur…
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𝐹𝐹. 𝑆𝑆 =
𝑆𝑆𝑝𝑝
𝜎𝜎𝑝𝑝

𝑆𝑆𝑝𝑝 = 𝐾𝐾 𝐴𝐴 + 𝐵𝐵
𝑊𝑊𝛼𝛼

𝐻𝐻𝛽𝛽

Pillar design formula 
General form of the pillar 
strength empirical formula 
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ANALYSIS METHODS FOR PILLAR DESIGN

(Zhang, 2014)

(NIOSH, 2011)

Structurally Controlled Pillar 
Failure

Stress Controlled Pillar 
Failure

Rock block sliding Through-going 
shear failure

Shear failure along 
transgressive joints

Buckling
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ANALYSIS METHODS FOR PILLAR DESIGN

Estimation of the AverageVertical Stress Applied to
the Pillar 𝜎𝜎𝑃𝑃

Pillar Strength Estimation, 𝑆𝑆𝑃𝑃

Factor of Safety Calculation, FS

Extraction
Ration, ER

𝐹𝐹. 𝑆𝑆. =
𝑠𝑠𝑝𝑝
𝜎𝜎𝑝𝑝

> 1

E𝑅𝑅 =
𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 𝐴𝐴𝐴𝐴𝑀𝑀𝐴𝐴

𝑇𝑇𝐴𝐴𝑀𝑀𝑇𝑇𝑇𝑇𝑇𝑇𝐴𝐴𝐴𝐴𝑇𝑇 𝐴𝐴𝐴𝐴𝑀𝑀𝐴𝐴 ∗ 100
Optimum Solution

Safety vs. Recuperation

Monitoring

𝑆𝑆𝑝𝑝 = 𝐾𝐾 𝐴𝐴 + 𝐵𝐵
𝑊𝑊𝛼𝛼

𝐻𝐻𝛽𝛽

General Form Equation for Pillar 
Strength Estimation

𝜎𝜎𝑝𝑝 = 𝛾𝛾𝛾 ∗ 𝑇𝑇𝐴𝐴𝑀𝑀𝑇𝑇𝑇𝑇𝑇𝑇𝐴𝐴𝐴𝐴𝑇𝑇 𝐴𝐴𝐴𝐴𝑀𝑀𝐴𝐴
Pillar Stresses through the 

Tributary Area Theory

(Rafiei-Renani & Martin, 2018)

Continuous Modeling for Pillar 
Strength Estimation

Continuous Modeling for Pillar 
Stress Estimation
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ANALYSIS METHODS FOR PILLAR DESIGN

Analytical Methods
• Theoretical approaches are derived from mathematical

expressions based on the static equilibrium principle.

• Describe the performance of mine pillars subject to a
load for a given set of input variables.

• These methods are subject to a series of assumptions
and limitation.

• The most common analytical method used in pillar
design is the tributary area for estimating pillar load
and its derivations.
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𝜎𝜎𝑝𝑝 =
𝜌𝜌𝜌𝜌𝛾 𝑋𝑋𝑐𝑐 ∗ 𝐻𝐻𝑐𝑐

(𝑤𝑤𝑝𝑝 ∗ 𝑙𝑙)
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Pillar Area
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ANALYSIS METHODS FOR PILLAR DESIGN

Empirical Methods
 Empirical equations are derived from back analysis of

stable, unstable and failed pillar cases.

 Consider parameters: Intact rock strength (UCS) and
pillar dimensions (Width and Height)

 Developed based on specific case studies, and each
considers different geological environments, rock types,
structural settings, and mining methods.

 Although, there have been multiple proposed models,
all the equations have the following form: 𝑆𝑆𝑝𝑝 = 𝐾𝐾 𝐴𝐴 + 𝐵𝐵

𝑊𝑊𝛼𝛼

𝐻𝐻𝛽𝛽

General Form Equation for 
Pillar Strength Estimation

(Lunder, 1994)
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ANALYSIS METHODS FOR PILLAR DESIGN

Resistencia del Pilar Tipo de Roca Autor

𝑆𝑆𝑝𝑝 = 0.578 ∗ 𝑈𝑈𝑈𝑈𝑆𝑆
𝑊𝑊0.5

𝐻𝐻0.75 Quartzites Headley-Grant, 1972

𝑆𝑆𝑝𝑝 = 0.354 ∗ 𝑈𝑈𝑈𝑈𝑆𝑆 0.778 + 0.222
𝑊𝑊
𝐻𝐻 Limestone Krauland-Soder, 1987

𝑆𝑆𝑝𝑝 = 0.44 ∗ 𝑈𝑈𝑈𝑈𝑆𝑆(0.68 + 0.52κ)

κ = tan cos−1
1 − 𝑈𝑈𝑝𝑝𝑝𝑝𝑝𝑝
1 + 𝑈𝑈𝑝𝑝𝑝𝑝𝑝𝑝

𝑈𝑈𝑝𝑝𝑝𝑝𝑝𝑝 = 0.46 ∗ log
𝑊𝑊
𝐻𝐻 + 0.75

1.4
𝑊𝑊/𝐻𝐻

Hard Rock – Canada Lunder-Pakalnis, 1997

𝑆𝑆𝑝𝑝 = 0.65 ∗ 𝑈𝑈𝑈𝑈𝑆𝑆 ∗ 𝐿𝐿𝐿𝐿𝐹𝐹 ∗
𝑊𝑊0.3

𝐻𝐻0.59

𝐿𝐿𝐿𝐿𝐹𝐹 = 1 − 𝐿𝐿𝐿𝐿𝐹𝐹 ∗ 𝐹𝐹𝐹𝐹
Limestone Esterhuizen et al., 2011

(NIOSH)

Empirical Methods
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ANALYSIS METHODS FOR PILLAR DESIGN

Obseravational Methods
 more than a design approach is a verification

method in which field engineers can verify if the
condition of the pillar is in accordance with the
design (Stille & Holmberg, 2008).

 Instrumentation methods to determine stress re-
distribution after the excavation, and measure rock
deformation. To validate and calibrate numerical
models, or monitor hazards.

 Include visual rating systems that have been
proposed to evaluate the conditions of mine pillars.

(Gangrade et al., 2019)
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ANALYSIS METHODS FOR PILLAR DESIGN

Numerical Methods

Computational simulation techniques Discretizes a continuos system into a finite
number of smaller elements

Follows a set of governing constitutive
equations (i.e. equations of motion) Complex materials behaviour

Tools to solve stress-strain problems in 
geomechanics that cannot be solved 

analytically.

Continuous planes 
of weakness

Sets of 
discontinuities

 Estimate the stresses acting on the pillars

 Evaluate pillar failure mechanisms given a constitutive model to 
predict the material failure

 Continuous vs Discontinuous 
Modeling
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ANALYSIS METHODS FOR PILLAR DESIGN

Continuous Methods in Pillar Design
 Determine the effect of weak bands in pillar strength in 

underground limestone mines.

 Evaluate the Impact of length on Pillar Strength.

 Evaluate the effect of benching around pillars.

 Evaluate the effect of discontinuities on inclined pillar’s 
strength.

(Esterhuizen & Ellenberger, 2007)

(Dolinar & Esterhuizen, 2007)

(Esterhuizen, Dolinar, & Ellenberger, 2007)

(Jessu & Spearing, 2019)

40°Inclined pillar withW/H=0.5
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NUMERICAL METHODS FOR PILLAR DESIGN

Discrete Methods in Pillar Design
 Hybrid FEM/DEM model with DFNs to simulate slender 

fractured hard rock pillars.

 PFC3D with DFNs to evaluate peak strength and post-
peak strain softening properties of a series of jointed pillar.

 Guidelines on dealing with moderately fractured rock 
masses by integrating LiDAR, DFN generation, and 
numerical simulations.

 Estimated fractured pillar strength intersected by a clay 
filled structure.

(Elmo & Stead, 2010)

(Zhang et al., 2015) 

(Vazaios et al., 2018)

(Muaka et al., 2017)
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RISK ANALYSIS APPROACHES IN PILLAR DESIGN

“… Unfortunately, this type of analysis (PRA) is not possible for one of the most important groups of problems in underground
excavation engineering, i.e., those problems involving stress driven instability…”

(Hoek, E.; Kaiser, P.K.; Bawden, 2000)

𝐹𝐹. 𝑆𝑆. =
𝑆𝑆𝑇𝑇𝐴𝐴𝑀𝑀𝑀𝑀𝜌𝜌𝑇𝑇𝛾
𝑆𝑆𝑇𝑇𝐴𝐴𝑀𝑀𝑠𝑠𝑠𝑠

𝐹𝐹𝐴𝐴𝑀𝑀𝑙𝑙𝑇𝑇𝐴𝐴𝑀𝑀 = 𝐹𝐹. 𝑆𝑆. < 1

𝑃𝑃𝑃𝑃𝐹𝐹 = 𝑃𝑃(𝐹𝐹. 𝑆𝑆. < 1)

 Risk analysis is the process through which an understanding of all the
possible risks that can arise during a particular stage of a process is
developed

 provides inputs during decision-making stages in an engineering
project to define which risks should be prioritized and addressed

 considers the source of the risk, its consequences,

 Probabilistic Risk Analysis (PRA): consists of assessing probability
density functions (PDFs) of design parameters, such as loads and
capacity for a certain system, and computing from these estimates the
probability of failure.

h

𝜎𝜎𝑝𝑝

w
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RISK ANALYSIS APPROACHES IN PILLAR DESIGN

Probabilistic Risk Analysis in Pillar Design
 Assessed the influence of spatially varying strength in 

the stability of pillars by combining random field theory 
with FEM.

 Applied reliability theory in common stability problems 
in underground mine design. 

 Integrated numerical modeling results with Artificial 
Neural Networks to evaluate pillar probability of 
failure.

(Griffiths et al., 2002)

(Nomikos & Sofianos, 2011)

(Idris et al., 2015)

𝐹𝐹 = 1.5 𝐹𝐹𝐴𝐴𝐹𝐹𝑇𝑇𝑃𝑃𝐴𝐴 𝑃𝑃𝑜𝑜 𝑠𝑠𝐴𝐴𝑜𝑜𝑀𝑀𝑇𝑇𝑇𝑇
𝑁𝑁𝑐𝑐 𝑃𝑃𝑀𝑀𝑙𝑙𝑙𝑙𝐴𝐴𝐴𝐴 𝑇𝑇𝑀𝑀𝐴𝐴𝐴𝐴𝑀𝑀𝑀𝑀𝜌𝜌 𝐹𝐹𝐴𝐴𝑐𝑐𝐴𝐴𝐹𝐹𝑀𝑀𝑇𝑇𝑇𝑇

𝑈𝑈.𝑂𝑂.𝑉𝑉. 𝑈𝑈𝑃𝑃𝑀𝑀𝑜𝑜𝑜𝑜𝑀𝑀𝐹𝐹𝑀𝑀𝑀𝑀𝑀𝑀𝑇𝑇 𝑃𝑃𝑜𝑜 𝑣𝑣𝐴𝐴𝐴𝐴𝑀𝑀𝐴𝐴𝑇𝑇𝑀𝑀𝑃𝑃𝑀𝑀
Θ𝑙𝑙𝑙𝑙𝑐𝑐 𝑆𝑆𝑐𝑐𝐴𝐴𝑇𝑇𝑀𝑀𝐴𝐴𝑙𝑙 𝐹𝐹𝑃𝑃𝐴𝐴𝐴𝐴𝑀𝑀𝑙𝑙𝐴𝐴𝑇𝑇𝑀𝑀𝑃𝑃𝑀𝑀 𝐹𝐹𝑃𝑃𝑀𝑀𝑜𝑜𝑜𝑜𝑀𝑀𝐹𝐹𝑀𝑀𝑀𝑀𝑀𝑀𝑇𝑇
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RISK ANALYSIS APPROACHES IN PILLAR DESIGN

Probabilistic Risk Analysis in Pillar Design
 Used a Monte Carlo approach to evaluate the impact of 

measured pillar size variability on the mine design. 

 Proposed and implemented a risk evaluation model to 
quantify the expected injuries and economic losses 
resulting from rock falls in underground mines in south 
Africa

 Integrated LiDAR, DFN generation, stochastic DEM to 
predict rock fall probability in an underground stone 
mine.

(Walls et al., 2015)

(Joughin et al., 2015)

(Monsalve et al., 2019)
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OBJECTIVE AND METHODOLOGY

 The goal of this work is to develop a framework to estimate the pillar probability of failure based on 
the stochastic discrete element modeling approach for pillar strength determination and finite volume 
continuous modeling for stress estimation, which could be globally implemented by considering site-
specific conditions of each operation.

stress
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METHODOLOGY

1. Field Data Collection and Geomechanical Characterization

2. Discrete Fracture Network (DFN) Definition

3. Discrete Element Modeling Approach Selection

4. Model Calibration and Validation

5. Stochastic Discrete Element Modeling
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CASE STUDY MINE

 24 m x 24 m pillars (80 ft x 80 ft)
 Stope height ≈ 30 m (100 ft)
 Drifts 12.8 m x 7.6 m (42 ft x 25 ft)

 30°Dipping deposit
 30 m (100 ft) thick seam
 Room & Pillar mining method 

with eventual stoping
 Structurally controlled instability main ground stability hazard 
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CASE STUDY PILLAR STRENGTH ESTIMATION

0

20

40

60

80

100

120

140

0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2 2.2 2.4 2.6 2.8 3 3.2 3.4 3.6 3.8 4 4.2 4.4 4.6 4.8 5

Pi
lla

r 
St

re
ng

ht
[M

Pa
]

W/H ratio

Pillar Strength vs. Width to Height Ratio

Headly and Grant, 1972

Krauland & Soder, 1987

Lunder & Pakalnis, 1994

NIOSH, 2011 (No Discontinuities)

NIOSH, 2011 (WCS)

30 m High Pillar

0.8 W/H ratio

𝜇𝜇𝑈𝑈𝑈𝑈𝑈𝑈 = 159.20 𝑀𝑀𝑃𝑃𝐴𝐴
𝜎𝜎𝑈𝑈𝑈𝑈𝑈𝑈 = 21.25 𝑀𝑀𝑃𝑃𝐴𝐴



21

0

20

40

60

80

100

120

140

0 0.001 0.002 0.003 0.004 0.005 0.006
A

xi
al

 S
tr

es
s 

[M
P

a]
Axial Displacement [m]

Stochastic Fractured Pillar Strength Results

Run 14
Run 14.1.1
Run 14.1.2
Run 14.1.3
Run 14.1.4
Run 14.1.5
Run 14.1.6
Lower Expected Pillar Strength
Higher Expected Pillar Strength

PILLAR STRENGTH ESTIMATION PRELIMINARY RESULTS






22

3D PILLAR STRESS ESTIMATION
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3DEC Stress Model Results 
Ko = σH/σV = 1.0

Row Labels
Average of 
Depth [m]

Average of 
Normal Stress 
(total) [MPa]

SD Normal 
Stress (total) 

[MPa]

Pillar 1 164.8 9.346211 3.988451
Pillar 2 192.4 9.285684 1.246169
Pillar 3 222 10.47717 1.384877
Pillar 4 246.5 12.55412 1.387951
Pillar 5 270.6 13.20035 1.645328
Pillar 6 294 14.43691 1.661978
Pillar 7 319.8 15.33733 2.024767
Pillar 8 334.7 15.14202 1.755614

3D PILLAR STRESS ESTIMATION
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CONCLUSIONS

 All empirical, analytical and numerical design methods have underlying assumptions and limitations.

 Numerical models validated and calibrated with instrumentation have gained acceptability throughout
the years in pillar design.

 Recent technological advances have enabled probabilistic risk analysis approaches to be implemented
into pillar design.

 A risk-based methodology that integrates stochastic discrete element modeling and finite volume
modeling to estimate pillar stress and strength was presented.
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